Electroweak phase transition in Georgi–Machacek model  by Chiang, Cheng-Wei & Yamada, Toshifumi
Physics Letters B 735 (2014) 295–300Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Electroweak phase transition in Georgi–Machacek model
Cheng-Wei Chiang a,b,c, Toshifumi Yamada a,∗
a Department of Physics, Center for Mathematics and Theoretical Physics, National Central University, Chungli, Taiwan 32001, Republic of China
b Institute of Physics, Academia Sinica, Taipei, Taiwan 11529, Republic of China
c Physics Division, National Center for Theoretical Sciences, Hsinchu, Taiwan 30013, Republic of China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 24 April 2014
Received in revised form 5 June 2014
Accepted 17 June 2014
Available online 20 June 2014
Editor: J. Hisano
The Georgi–Machacek model extends the standard model Higgs sector by adding two isospin triplet scalar 
ﬁelds and imposing global SU(2)R symmetry on them. A feature of the model is that the triplets can 
acquire a large vacuum expectation value without conﬂicting with the current experimental bound on 
the ρ parameter. We investigate the electroweak phase transition in the Georgi–Machacek model by 
evaluating the ﬁnite-temperature effective potential of the Higgs sector. The electroweak phase transition 
can be suﬃciently strong in a large parameter space when the triplets acquire a vacuum expectation 
value of O (10) GeV, opening a possibility to realize successful electroweak baryogenesis.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.In spite of the discovery of a Higgs boson at the LHC [1], the 
structure of the Higgs sector remains largely unexplored. The com-
plete Higgs sector may not be the simplest one containing only 
one isospin doublet as in the standard model (SM), but may in-
clude multiple doublets, a singlet(s) or a triplet(s). One of the 
motivations to consider such models with an extended Higgs sec-
tor comes from electroweak baryogenesis (EWBG) [2], which is the 
only testable scenario for explaining the observed baryon asymme-
try of the Universe. It is well-known that successful EWBG relies 
on the following two conditions that are not met in the SM:
1. A strong ﬁrst-order electroweak phase transition that enables 
decoupling of the sphaleron process in the symmetry broken 
phase so that created baryon asymmetry is not washed out. 
More explicitly, the sphaleron process rate in the broken phase 
should be less than the Hubble parameter at that moment.
2. Large CP-violating phases that enable the creation of suﬃcient 
baryon asymmetry through scatterings off the bubble wall sep-
arating the broken and symmetric phases.
Of the two conditions, the strong ﬁrst-order phase transition is di-
rectly connected with the ﬁeld content and structure of the Higgs 
sector, and hence motivates an extension of the Higgs sector be-
yond the SM.
Among various models with an extended Higgs sector, the 
Georgi–Machacek (GM) model with custodial vacuum alignment 
[3] has unique features that isospin triplet scalars can acquire a 
large vacuum expectation value (VEV), that this triplet VEV pro-
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SCOAP3.vides an origin for Majorana neutrino mass, and that the model 
predicts charged Higgs bosons to be tested at colliders [4,5]. Due 
to a custodial symmetry that keeps the electroweak ρ parameter 
unity at tree level, this model allows us to consider the scenario 
with a large triplet VEV. In this letter, we study how a large triplet 
VEV of O (1) GeV to O (10) GeV affects the order of electroweak 
phase transition and whether a suﬃciently strong ﬁrst-order phase 
transition can be realized in some parameter space of the model. 
In fact, since the Higgs potential of the GM model contains tree-
level triple couplings involving two isospin doublet ﬁelds and one 
triplet or three triplet ﬁelds, we expect that a strong ﬁrst-order 
phase transition can be achieved if the triplets develop a large VEV 
and are as responsible for electroweak symmetry breaking (EWSB) 
as the doublet.
In our analysis of electroweak phase transition, we adopt a 
perturbative approach and evaluate the ﬁnite-temperature effec-
tive potential at one-loop level [6] for the GM model, from which 
the strength of phase transition, characterized by vC/TC , is evalu-
ated, where TC and vC denote respectively the critical temperature 
and the scalar VEV at the critical temperature. It is well-known 
that perturbation tends to break down at high temperatures [7], 
rendering the result of small vC/TC less reliable, nevertheless it 
provides a good order-of-magnitude estimate of the phase transi-
tion strength.
This letter is organized as follows. We give quick reviews of the 
GM model, including its major theoretical and experimental con-
straints, and of the calculation of the one-loop ﬁnite-temperature 
effective potential. We then conduct a numerical analysis on the 
strength of electroweak phase transition in various parameter re-
gions of the GM model. In particular, we identify two parameters  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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strong ﬁrst-order phase transition. Discussions of our ﬁndings are 
given toward the end of this letter, followed by a summary.
The Higgs sector of the Georgi–Machacek (GM) model [3] con-
tains one isospin doublet scalar ﬁeld with hypercharge Y = 1/2, 
denoted by φ = (φ+, φ0)T = (φ+, 1√
2
(hφ + iaφ))T , one isospin 
triplet scalar ﬁeld with Y = 1, denoted by χ = (χ++, χ+, χ0)T =
(χ++, χ+, 1√
2
(hχ + iaχ ))T , and one isospin triplet scalar ﬁeld with 
Y = 0, denoted by ξ = (ξ+, ξ0, −(ξ+)∗)T = (ξ+, hξ , −(ξ+)∗)T . 
Here hφ , hχ , hξ are CP-even neutral components of the scalar 
bosons and aφ , aχ are CP-odd ones. On the Higgs potential, we 
impose a global SU(2)R symmetry that is explicitly broken by the 
SM Yukawa couplings. To make the invariance under the SU(2)R
transformation manifest, we write the Lagrangian in terms of the 
following SU(2)R -covariant combinations of ﬁelds:
Φ ≡ (2φ∗, φ)=
(
(φ0)∗ φ+
−(φ+)∗ φ0
)
, (1)
 ≡ (3χ∗, ξ,χ)=
⎛
⎝ (χ
0)∗ ξ+ χ++
−(χ+)∗ ξ0 χ+
(χ++)∗ −(ξ+)∗ χ0
⎞
⎠ , (2)
where
2 =
(
0 1
−1 0
)
, 3 =
⎛
⎝ 0 0 10 −1 0
1 0 0
⎞
⎠ . (3)
Under the SU(2)L × SU(2)R symmetry, Φ and  transform as Φ →
U2LΦU
†
2R and  → U3LU †3R , respectively, where U2 is the two-
dimensional representation of SU(2) group and U3 is the three-
dimensional one. The Higgs sector Lagrangian is then expressed as
L= 1
2
tr
[(
DμΦ
)†
DμΦ
]+ 1
2
tr
[(
Dμ
)†
Dμ
]
− Vtree(Φ,) − (Yukawa terms), (4)
where Dμ denotes the covariant derivative for Φ or . Explicit 
expressions of the Yukawa terms, particularly those responsible for 
neutrino mass, can be found in Ref. [4], and are omitted here for 
simplicity. The tree-level Higgs potential Vtree(Φ, ) is given by
Vtree(Φ,) = 1
2
m21tr
[
Φ†Φ
]+ 1
2
m22tr
[
†
]
+ λ1
(
tr
[
Φ†Φ
])2 + λ2(tr[†])2
+ λ3tr
[(
†
)2]+ λ4tr[Φ†Φ]tr[†]
+ λ5
∑
a,b=1,2,3
tr
[
Φ†
σ a
2
Φ
σ b
2
]
tr
[
†T aT b
]
+ μ1
∑
a,b=1,2,3
tr
[
Φ†
σ a
2
Φ
σ b
2
](
P †P
)
ab
+ μ2
∑
a,b=1,2,3
tr
[
†T aT b
](
P †P
)
ab, (5)
where σ ’s are the Pauli matrices,
T 1 = 1√
2
⎛
⎝ 0 1 01 0 1
0 1 0
⎞
⎠ , T 2 = 1√
2
⎛
⎝ 0 −i 0i 0 −i
0 i 0
⎞
⎠ ,
T 3 =
⎛
⎝ 1 0 00 0 0
0 0 −1
⎞
⎠ , and P = 1√
2
⎛
⎝−1 i 00 0 1
1 i 0
⎞
⎠ .We take m21 < 0 as in the SM and m
2
2 > 0. In this case, the EWSB 
caused by the VEV of the doublet ﬁeld will induce the triplet ﬁeld 
to develop a VEV as well through the μ1 term. Finally, we assume 
no CP violation in the newly introduced terms of the Lagrangian.
The EWSB vacuum at tree level is derived by solving the fol-
lowing tadpole conditions:
∂V (Φ,)
∂hφ
= ∂V (Φ,)
∂hχ
= ∂V (Φ,)
∂hξ
= 0, (6)
with ﬁelds other than hφ , hχ , and hξ being zero. From Eq. (6), 
we choose the solution with the relation hχ =
√
2hξ , by which 
the EWSB vacuum maintains a diagonal SU(2)L+R or SU(2)V sym-
metry. Writing the VEVs of hφ , hχ , hξ as 〈hφ〉 = v1, 〈hχ 〉 =
√
2v2, 
〈hξ 〉 = v2, respectively, we have |〈hφ〉|2+2|〈hχ 〉|2+4|〈hξ 〉|2 = v2 
(246 GeV)2. Here we deﬁne tan θH as the VEV ratio, tan θH ≡
2
√
2v2/v1. When v1, v2 	= 0, one can use Eq. (6) to rewrite m21, 
m22 in terms of the VEVs of hφ , hχ , hξ and other parameters in the 
Higgs potential as
m21 = −4λ1v21 − 6λ4v22 − 3λ5v22 −
3
2
μ1v2,
m22 = −12λ2v22 − 4λ3v22 − 2λ4v21 − λ5v21 − μ1
v21
4v2
− 6μ2v2. (7)
We can derive the ﬁeld-dependent mass matrices of the scalar 
bosons from Eq. (5) to be used in the evaluation of the ﬁnite-
temperature effective potential. After substituting hφ = v1, hχ =√
2hξ =
√
2v2 and Eq. (7) and diagonalizing the mass matrices, 
one ﬁnds three massless Nambu–Goldstone modes that eventually 
become the longitudinal components of the W and Z bosons. Un-
der the classiﬁcation of SU(2)V symmetry, the other massive states 
are grouped into a 5-plet H5 = (H++5 , H+5 , H05, H−5 , H−−5 )T , a 3-plet 
H3 = (H+3 , H03, H−3 )T , and two singlets H01 and H ′01 . Among these 
particles, only the 3-plet is CP-odd while the others are CP-even. 
The two singlets generally mix to produce physical states denoted 
by H and h, where the latter is used to denote the recently discov-
ered SM-like Higgs boson. As a result of the custodial symmetry, 
the components in each of the above-mentioned multiplets are de-
generate in mass. Mass splittings of the order of a few hundred 
MeV due to electromagnetic breaking are expected within each 
representation, but can be safely ignored for our study. As a ref-
erence, we give their mass eigenvalues at the EWSB vacuum, with 
the help of Eq. (7), as:
m2H5 = 8λ3v22 −
3
2
λ5v
2
1 −
μ1v21
4v2
− 12μ2v2, (8)
m2H3 = −
(
λ5
2
+ μ1
4v2
)
v2, (9)
m2H,h = 4λ1v21 + 4(3λ2 + λ3)v22 −
μ1v21
8v2
+ 3μ2v2
±
{[
4λ1v
2
1 + 4(3λ2 + λ3)v22 −
μ1v21
8v2
+ 3μ2v2
]2
− 4v21v22
[
16λ1(3λ2 + λ3) − 3(2λ4 + λ5)2
]+ 2λ1μ1v
4
1
v2
+ 3
4
μ21v
2
1 + 6v21v2(2λ4μ1 + λ5μ1 − 8λ1μ2)
}1/2
. (10)
A desirable feature of the GM model is having Majorana mass 
for the neutrinos while preserving ρ = 1 at tree level. The mass 
terms are derived from the VEVs of the neutral components of 
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with the SM lepton doublets. Since the VEVs of hχ and hξ are 
aligned, the ρ-parameter is ﬁxed at unity at tree level, and hence 
the model can evade the experimental bound on the ρ-parameter 
without strong suppression on the triplet VEVs. In fact, these VEVs 
are allowed to be as large as O (10) GeV. The GM model has 
rich phenomenological signatures, including the existence of the 
doubly-charged scalar particle and the mass degeneracy among 
SU(2)V 5-plet or 3-plet scalar particles, which can be tested at col-
liders. It is thus possible to infer the origin of neutrino mass by 
studying the mass spectrum and decay patterns of the extra scalar 
particles in collider experiments. Unfortunately, there is no direct 
correlation between the mass spectrum and the strength of elec-
troweak phase transition in the GM model.
We comment on various limits of the GM model. The triplet 
VEV v2 vanishes when one sets μ1 = 0, as long as m22 > 0, λ4 > 0
and λ5 > 0 are assumed. In other words, the triplet VEV is induced 
by the doublet VEV through the μ1 term. The GM model becomes 
SM-like, i.e., the extra Higgs bosons H3, H5, H are decoupled and 
the triplet VEV vanishes, when we take the limits of μ1, v2 → 0
with μ1/v2 → ∞. A detailed discussion about the decoupling limit 
of the GM model is recently discussed in Ref. [9].
Now we enumerate the theoretical and experimental con-
straints on the GM model that will be incorporated in our pa-
rameter search for viable electroweak phase transition. First, we 
consider the stability of the Higgs potential at large ﬁeld values. To 
avoid any runaway direction in the Higgs potential, Refs. [8,4] have 
found the following conditions on the coupling constants λi :
λ1 > 0, λ2 + λ3 > 0, λ2 + 1
2
λ3 > 0,
−|λ4| + 2
√
λ1(λ2 + λ3) > 0,
λ4 − 1
4
|λ5| +
√
2λ1(2λ2 + λ3) > 0. (11)
For perturbative calculations to be valid, we further impose the 
unitarity bound from the S-wave amplitudes for elastic scatter-
ings of two scalar boson states. The strongest bound as found in 
Ref. [10] is:
∣∣12λ1 + 22λ2 + 14λ3 ±
√
(12λ1 − 22λ2 − 14λ3)2 + 144λ24
∣∣
< 16π. (12)
In subsequent analyzes, we will restrict ourselves to the param-
eter space with tan θH < 0.5 (v2 < 39 GeV). This choice is made so 
that the constraints from both the Z → bb¯ decay [4] and the elec-
troweak S parameter are satisﬁed in the entire region [5].
At the one-loop level, the ﬁnite-temperature effective potential 
of the Higgs sector is given by [6]
V 1(ϕ; T ) = V B(ϕ) + V 10 (ϕ,μR)
+ T
4
2π2
[ ∑
i∈Bosons
ni I B
(
mi(ϕ)
2/T 2
)
+
∑
i∈Fermions
ni I F
(
mj(ϕ)
2/T 2
)]
, (13)
where T denotes the temperature, ϕ collectively denotes the val-
ues of the ﬁelds, mi(ϕ) denotes the ﬁeld-dependent mass of mass 
eigenstate i, and ni counts its degrees of freedom. V B(ϕ) is the 
same function as Eq. (5) with the parameters m21, m
2
2, λ1, λ2, λ3, 
λ4, λ5, μ1, μ2 being replaced by the corresponding bare param-
eters that should be ﬁxed by nine renormalization conditions at 
zero temperature. V 1(ϕ, μR) is the one-loop effective potential at 0zero temperature renormalized at the scale μR , which is given 
by [11]
V 10 (ϕ,μR) =
1
64π2
[ ∑
i∈Bosons
ni
(
m2i (ϕ)
)2{
log
(
m2i (ϕ)
μ2R
)
− Ci
}
−
∑
i∈Fermions
ni
(
m2i (ϕ)
)2{
log
(
m2i (ϕ)
μ2R
)
− Ci
}]
(14)
where μR is the renormalization scale and Ci ’s are constants that 
depend on the renormalization scheme. The functions I B , I F are 
deﬁned as
I B
(
a2
)=
∞∫
0
dxx2 log
[
1− exp(−√x2 + a2)], (15)
I F
(
a2
)=
∞∫
0
dxx2 log
[
1+ exp(−√x2 + a2)], (16)
respectively, and interpolating functions are employed in numeri-
cal evaluations.
We adopt the Landau gauge in our calculations. We include in 
‘Bosons’ of Eq. (13) the W and Z bosons, the (ﬁeld-dependent) 
mass eigenstates of Higgs bosons and the would-be Nambu–
Goldstone modes. In ‘Fermions’, we include only the SM top quark 
neglecting the other SM matter ﬁelds.
We evaluate the strength of electroweak phase transition char-
acterized by vC/TC , the ratio of the Higgs VEV at the critical 
temperature and the critical temperature TC , in a wide range of 
parameter space in the GM model. We choose tan θH , λ1, λ2, λ3, 
λ4, λ5, μ1 and μ2 as the independent parameters. We then ﬁx the 
value of λ1 by the requirement that the mass of the lightest CP-
even boson be 126 GeV, the mass of the currently observed Higgs 
boson.
Two of the nine renormalization conditions require that the 
zero-temperature one-loop effective potential, V B + V 10 , have a 
minimum at hφ = v cos θH , hχ = 12 v sin θH . The relation hξ =
1
2
√
2
v sin θH automatically follows from these conditions due to 
SU(2)R symmetry of the potential. The other seven renormaliza-
tion conditions require the matching of components of the scalar 
boson mass matrices and three-point coupling constants evaluated 
from the tree-level potential Eq. (5) and those evaluated from the 
zero-temperature one-loop effective potential, V B + V 10 .
We note in passing that, since the ﬁeld-dependent mass eigen-
states include the would-be Nambu–Goldstone modes that be-
come massless for hφ = v cos θH , hχ = 12 v sin θH , hξ = 12√2 v sin θH , 
some of the renormalization conditions apparently contain log0
singularity. In fact, terms containing log0 singularity vanish in 
dimensional regularization if they originate from the integral ∫
dD p/(2π)D pα with α 	= −2 and D = 4 − 2 . The integral ∫
dD p/(2π)D p−2 gives Γ ()/(4π)D , which is subtracted in the 
MS scheme leaving no ﬁnite terms [12].
After determining the bare parameters by the renormaliza-
tion conditions, we numerically evaluate the critical tempera-
ture TC and the VEV of the ﬁelds at TC , deﬁned as vC ≡√
|〈hφ〉TC |2 + 2|〈hχ 〉TC |2 + 4|〈hξ 〉TC |2, using the ﬁnite-temperature 
one-loop effective potential in Eq. (13). In the course of numerical 
analysis, we exclude unphysical parameter regions where
• the mass spectrum contains a negative squared mass;
298 C.-W. Chiang, T. Yamada / Physics Letters B 735 (2014) 295–300Fig. 1. Contours of vC /TC on the λ4–tan θH plane. In both plots, we ﬁx λ2,3,5 = 0.4. λ1 is determined so that the lightest CP-even Higgs boson has the mass of 126 GeV. The 
region ﬁlled by purple is unphysical due to vacuum instability. The region surrounded by the thick black dashed curves corresponds to 1 < vC /TC < 2, and that outside to 
vC /TC < 1. In the left plot, we take μ1 = μ2 = −100 GeV. 140 GeV <mH3 < 200 GeV above the red dashed line and 200 GeV<mH3 < 300 GeV between the red dashed and 
red solid lines. 200 GeV <mH5 < 300 GeV above the blue solid line. In the right plot, we take μ1 = μ2 = −300 GeV. Here mH3,5 > 300 GeV in the entire physically allowed 
region. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 2. Same as Fig. 1, but here we ﬁx λ2,3,5 = 0.6. The region surrounded by the thick black solid curves corresponds to 2 < vC /TC < 3. In the left plot, 140 GeV <mH3 <
200 GeV above the red dashed line and 200 GeV <mH3 < 300 GeV between the red dashed and red solid lines. 140 GeV <mH5 < 200 GeV between the blue dashed lines 
and 200 GeV <mH5 < 300 GeV between the lower blue dashed and blue solid lines, and above the upper blue dashed line. In the right plot, both mH3 and mH5 are above 
300 GeV in the entire physically allowed region. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 3. Same as Fig. 1, but here we ﬁx λ2 = 0.7, λ3,5 = 0.6. Note that the domain of 2< vC/TC < 3 is slightly wider compared to the case with λ2,3,5 = 0.6.• the potential is unbounded from below for large ﬁeld values, 
namely, the vacuum stability condition Eq. (11) is not fulﬁlled;
• the perturbative unitarity condition Eq. (12) is violated; or
• the electroweak symmetry breaking vacuum (with 〈hφ〉 = v1, 
〈hχ 〉 =
√
2v2 and 〈hξ 〉 = v2) is not the absolute minimum of 
the zero-temperature one-loop effective potential.
In our study, we have found that the strength of phase transi-
tion has a stronger dependence on λ4 and tan θH than on the 
other parameters in the Higgs potential. In the following, we il-
lustrate this by making contour plots of vC/TC on the plane of 
(λ4, tan θH ) while holding λ2, λ3, λ5, μ1 and μ2 ﬁxed. In Figs. 1 
to 3, we pick three sets of parameters and focus on the region of 
0 < λ4 < 0.8 and 0.1 < tan θH < 0.5 to show the viability of strong 
ﬁrst-order phase transition. The condition on the strength of elec-troweak phase transition for successful baryogenesis is expressed 
as [2]
vC/TC  ζ, (17)
where ζ is determined by the sphaleron decoupling condition and 
is usually about 1. In each plot, we enclose the region of 1 <
vC/TC < 2 by the thick black dashed curves and that of vC /TC > 2
by the thick black solid curves. We have found that, in the pa-
rameter space of interest, the vacuum stability condition Eq. (11)
provides the strongest constraint among those listed above, and 
hence we mark the regions where this condition is violated by the 
purple areas in the plots.
In Fig. 1, we ﬁx λ2,3,5 = 0.4 and take μ1 = μ2 = −100 GeV
in the left plot and −300 GeV in the right plot. In Fig. 2, we ﬁx 
λ2,3,5 = 0.6 with the same choices of μ1, μ2 for the left and right 
plots as in Fig. 1. In Fig. 3, we ﬁx λ2 = 0.7, λ3,5 = 0.6, which 
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as in Fig. 1. If we take larger values for λ2,3,5 (e.g., ∼0.7), then 
most of the parameter space is excluded due to the violation of 
perturbative unitarity, Eq. (12). From Figs. 1, 2 and 3, we observe 
that strong ﬁrst-order phase transition, vC/TC  1, can be achieved 
generally in the region with large tan θH and large λ4. This is par-
ticularly apparent in the plots with μ1 = μ2 = −300 GeV. For the 
selected sets of parameters, the realization of vC /TC  1 requires 
tan θH  0.15, corresponding to v2  13 GeV. This is consistent 
with our expectation that a large triplet VEV helps enhancing 
the strength of phase transition because it gives rise to a size-
able tree-level triple Higgs boson coupling. We also ﬁnd that the 
lower bound on tan θH required for vC/TC  1 becomes smaller 
as the values of λ4 and/or λ2,3,5 increase. This is in accordance 
with the general argument that large quartic couplings for the 
Higgs boson and extra bosons enhance the value of vC /TC . In our 
case, radiative corrections from the additional bosonic ﬁelds to the 
ﬁnite-temperature effective potential are proportional to λ2,3,4,5
and induce an effective triple Higgs coupling at one-loop level at 
ﬁnite temperatures to trigger the ﬁrst-order phase transition. How-
ever, if −μ1 = −μ2 = 100 GeV, vC/TC is below 1 for even larger 
values of tan θH and λ4.
The enhancement of vC/TC in the GM model as illustrated in 
the above analysis is attributed to the structure of the tree-level 
potential for the order parameter of the electroweak phase tran-
sition. In particular, the appearance of the tree-level cubic term 
of the order parameter is essential. The dependence of vC/TC on 
tan θH can be understood using the same argument.
Let us identify the order parameter of phase transition by con-
sidering the following orthogonal transformation on the CP-even 
neutral ﬁelds in the GM model,
⎛
⎝ h1h2
h3
⎞
⎠= A
⎛
⎜⎜⎝
0 1A
√
1
3 − 1A
√
2
3√
3 sin θH − 4√3 cos θH −2
√
2
3 cos θH
2
√
2cos θH
√
2 sin θH sin θH
⎞
⎟⎟⎠
⎛
⎝ hφhχ
hξ
⎞
⎠
(18)
where A ≡ 1/
√
8cos2 θH + 3sin2 θH . Among the ﬁelds on the left-
hand side, only h3 develops a VEV at zero temperature and hence 
essentially corresponds to the order parameter of the electroweak 
phase transition. The ﬁeld h3 has a tree-level triple coupling that 
originates from the terms proportional to μ1 or μ2 in the Higgs 
potential (the two last lines of Eq. (5)), given by
Vtree(Φ,) ⊃ 6A3
(
μ1 cos
2 θH sin θH + μ2 sin3 θH
)
h33, (19)
independent of λi ’s. As tan θH increases (but below 0.5), the ﬁrst 
term on the right hand side of Eq. (19) is enhanced and gives a sig-
niﬁcant contribution to the triple coupling of h3. Such a large triple 
coupling generally enhances the order of phase transition when μ1
is negative. To summarize, the appearance of the tree-level triple 
coupling of the order parameter and its increase with large tan θH
are the main reasons for the order of phase transition to become 
strong in the GM model.
We can understand the reason for the tendency that vC /TC ﬁrst 
increases with tan θH and then decreases for even larger tan θH
when the other parameters are ﬁxed, on the same basis of argu-
ment. The tree-level potential also contains the following quartic 
term of h3:
Vtree(Φ,) ⊃ A4
(
32λ1 cos
4 θH + 9λ2 sin4 θH + 3λ3 sin4 θH
+ 24λ4 cos2 θH sin2 θH + 12λ5 cos2 θH sin2 θH
)
h43.
(20)For large tan θH , not only the triple coupling, but also the quartic 
coupling in Eq. (20) is enhanced. The term proportional to λ4, in 
particular, has a sizeable contribution if tan θH and λ4 are both 
large. Such a large quartic coupling of h3 in turn suppresses the 
order of phase transition, competing with the enhancement of the 
order of phase transition by the triple coupling.
Compared to the tree-level cubic and quartic terms for the or-
der parameter, the thermal cubic term that appears at one-loop 
level at ﬁnite temperature plays a minor role in determining the 
strength of phase transition. Nevertheless, the enhancement of 
vC/TC with larger λ2,3,5 is due to this thermal cubic term, because 
radiative corrections involving the extra scalar particles, which in-
crease with λ2,3,5, induce this term.
To examine how such strong ﬁrst-order electroweak phase tran-
sition occurs in the regions with vC/TC > 2, we take as one ex-
ample the parameter choice of λ2,3,5 = 0.6, λ4 = 0.4, μ1 = μ2 =
−100 GeV and tan θH = 0.25, which sits right inside the region 
surrounded by the solid curve in Fig. 2. Fig. 4 presents con-
tour plots of the Higgs potential on the plane of (hφ, hξ ) with 
hχ =
√
2hξ assumed, at T = 120 GeV, T = 92.5 GeV  TC , T =
60 GeV, T = 0 GeV, where TC denotes the critical temperature for 
this parameter choice. The number on each contour gives the value 
of the Higgs potential in units of (100 GeV)4. Here we observe that, 
as temperature approaches the critical temperature from above, 
a local minimum other than the origin develops and eventually 
becomes the absolute minimum below the critical temperature.
Collider phenomenology of the new Higgs bosons in the GM 
model at LHC had been extensively classiﬁed and analyzed in 
Ref. [4]. In particular, speciﬁc channels and kinematic cuts were 
proposed to search for such bosons. Here we compute the masses 
of the SU(2)V 3-plet and 5-plet, m3 and m5, and superimpose their 
contours in Figs. 1 to 3. As apparent from Eqs. (8) and (9), m3 and 
m5 do not have any dependence on λ4. It turns out that both m3
and m5 are above 300 GeV in the entire physical region of each 
right plot of Figs. 1 to 3, where μ1 = μ2 = −300 GeV. On the other 
hand, m3 and m5 can go below 300 GeV in the left plots, where 
μ1 = μ2 = −100 GeV. Note that since m3 and m5 are both above 
140 GeV in the entire physically allowed domains in these ﬁgures, 
the mass spectra considered here safely evade the LEP bound on 
charged scalars.
In summary, we have found the regions on the λ4–tan θH plane 
that grant strong ﬁrst-order phase transition after ﬁxing the other 
ﬁve parameters. If new sources of CP violation beyond the SM 
Yukawa couplings are provided, successful electroweak baryogen-
esis will be possible in these regions. However, since all the cou-
pling constants in the GM model are real if SU(2)R symmetry is 
imposed, and since terms that explicitly break SU(2)R symmetry 
are constrained by the experimental value of the ρ parameter, 
it is necessary to further extend the GM model to incorporate 
additional CP-violating phases. We have discovered that strong 
ﬁrst-order phase transition characterized by vC/TC  1 is gener-
ally realized for large values of tan θH and/or large values of λ4 in 
the GM model. The strength is further enhanced for larger quartic 
couplings, subject to the constraints of perturbative unitarity and 
Higgs potential stability. For the selected parameter sets, the min-
imum of tan θH with which strong ﬁrst-order phase transition is 
viable is about 0.15, corresponding to the triplet VEV v2  13 GeV.
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